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Analytic Spectral Integration of Birefringence-Induced Iridescence
S. Steinberg

Figure 1: (Left) Photo captured through the window of a train using a common handheld device and viewed through the polarising lens of a pair of sunglasses.
The window exhibits stress-induced birefringence which gives rise to the visible iridescence. Notice that the visual effect is most powerful when the incident
light is reﬂected off the road as light reﬂected around the Brewster’s angle is strongly polarized. (Right) An optically anisotropic slab rendered using our
method and exhibiting iridescence induced by birefringence as well. Incident light was assumed to be partially polarized.

Abstract
Optical phenomena that are only observable in optically anisotropic materials are generally ignored in the computer graphics.
However, such optical effects are not restricted to exotic materials and can also be observed with common translucent objects
when optical anisotropy is induced, e.g. via mechanical stress. Furthermore accurate prediction and reproduction of those
optical effects has important practical applications. We provide a short but complete analysis of the relevant electromagnetic
theory of light propagation in optically anisotropic media and derive the full set of formulations required to render birefringent
materials. We then present a novel method for spectral integration of refraction and reﬂection in an anisotropic slab. Our
approach allows fast and robust rendering of birefringence-induced iridescence in a physically faithful manner and is applicable
to both real-time and ofﬂine rendering.
CCS Concepts
• Computing methodologies → Rendering; • Applied computing → Physics;

1. Introduction
An optically transmissive media is called anisotropic when its optical properties, as perceived by a light wave, vary based on the
light wave’s polarization and propagation direction within the media. This distinction causes waves with different polarization orientation to take different paths within the medium, an effect called
birefringence — also known as “double refraction”. Birefringence
gives rise to unique optical phenomena unseen in isotropic materials and admits a vast collection of practical applications, such
as light modulators used in liquid crystal displays (LCD), tools in
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medical diagnosis and stress analysis. Optical anisotropy can arise
naturally, like in crystals due to the anisotropic electrical properties of the molecules that compose their lattices, and can also be
induced artiﬁcially by a variety of mechanisms, most notably via
photoelasticity — common transparent materials, like glass and
plastic, become birefringent under mechanical deformation which
changes their physical properties (see ﬁgures 1, 2). Light refracting through such matter produces interference between the emerging light waves causing iridescence, which is a colour change that
depends on viewing angle. Iridescence can also be observed in
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nel coefﬁcients. Birefringence-induced iridescence is discussed in
section 4 where we obtain a closed-form formulation of the amplitudes of a coherent wave ensemble that reﬂects off or refracts
through an anisotropic slab. In section 5 we discuss the challenges
of rendering iridescence and present our analytic spectral integration approximation. We evaluate the presented method and discuss
limitations and future work in section 6, and conclude in section 7.
2. Related Work

Figure 2: Birefringence-induced iridescence due to deformations under
non-uniform mechanical stress (photoelasticity) causing varying fringe patterns: A simple plastic card was placed between an s-polarized light source
and a polarization ﬁlter, which ampliﬁes the perceived iridescence. The dark
path where no iridescence is visible coincides with the principal axis of
the anisotropic material and is a unique visual property of iridescence that
arises due to optical anisotropy.

isotropic materials, as a result of diffraction effects due to the microscopic structure of the material or due to interactions with a thinﬁlm. However, unlike the isotropic case, birefringence-induced iridescence does not require physical structures at a scale smaller
than the light’s coherence area and can arise with simple optically
anisotropic objects at scales that are orders of magnitude greater.
The interesting properties of optical anisotropy come at a cost
of a relatively more complicated underlying theory and introduce
mechanics which are less intuitive, e.g. the well known law of reﬂection and Snell’s law of refraction no longer apply, instead a
reﬂection or refraction splits the incident wave into a couple of
outgoing waves whose directions and amplitudes depend on the
incidence angle and polarization. Furthermore, the visual effects
induced by optical anisotropy are most prominent when viewed
through a polarization ﬁlter and otherwise generally do not produce a dramatic change in material appearance. This has caused the
computer graphics community to overall ignore optical anisotropy,
with a few exceptions. Nonetheless, our interest in reproducing the
visual response of birefringence-induced iridescence is twofold:
First, it can be perceived in common objects that admit birefringence, like gemstones or moulded plastics, especially, but not only,
when viewed through a polarization ﬁlter like sun-glasses’ lenses,
and second, predicting the interference patterns generated due to
photoelasticity is of great practical interest as there is direct relation between the stress tensor and the induced birefringency (see
ﬁgure 2).
To simplify our discussion we consider only homogeneous uniaxial anisotropic media and focus on physically accurate reproduction of birefringence-induced iridescence in the case of reﬂection
off and refraction through a perfectly smooth, inﬁnite slab. The rest
of the paper is structured as follows: We cover related work, in the
realm of computer graphics as well as optics, in the following section. Then, in section 3, we provide an overview of the relevant
electromagnetic theory and derive directly from Maxwell’s equations the equations for the normal modes, electric ﬁelds and Poynting vectors for an electromagnetic wave propagating through an
optically anisotropic medium, as well as the equations for the Fres-

Work that considers birefringency in the ﬁeld of computer graphics is scarce and is mostly limited to rendering double refraction or
reproducing the appearance of gemstones. [WW08] and [TTW94]
deal solely with polarization aware rendering of double refractions
in ray traced renderers. Likewise [LSG12] aims to render double
refractions of biaxial media by pre-computing a lookup table. A
framework for the rendering of faceted gemstones is presented by
[GS04] and remains the state-of-the-art work in modelling gemstones. A novel approach for depth imaging [BGK16] places a birefringent crystal in front of a camera lens and considers the geometry
induced by the double refraction.
On the other hand, there is a rich body of work in optics literature that deals with light propagation in optically anisotropic media.
[Yeh79] and [Blo61] are a cornerstone of modern crystallography
and deal with the theoretical foundations of optical anisotropy and
its applications in experimental optics. Attempts to derive formulations for geometric tracing of rays in an anisotropic media generally employ one of two methods – Electromagnetic wave theory or Huygens principle. Of the earliest work to use the former
method [Sim83] calculates the extraordinary wave’s phase velocities from which the normal modes and ray directional cosines are
deduced. Follow-up work employ similar methods and present simpler analytic methods [Lia90; Zha92]. The continuity of tangential
component of the wave vector across media interfaces was used by
[Lek91] to provide explicit vector formulations for the ray directions and Fresnel coefﬁcients of isotropic and anisotropic boundaries. An iterative numerical approach to calculate the directional
cosines of the extraordinary ray is developed by [MHC93]. Huygens himself was one of the ﬁrst to discuss birefringency [Huy07]
and the pioneering work [Sta62; AS02] that employs Huygens
wavelets to derive the ray directions in anisotropic media places
severe restrictions on the orientation of the optic axis relative to
the incidence plane. Further work relaxes the constraints [ASyG02]
and deals with internal reﬂections [AR16]. However, it is not until
recently that the equivalence between methods that use the electromagnetic wave theory and Huygens principle was formally shown
[Wan18a]. Additional relevant work employs Fermat’s principle
[Wan18b] to derive ray directions and considers absorption in conductive crystals [WLXW08].
We also consider computer graphics work that aims to reproduce
the appearance of iridescence outside the realm of anisotropic optics. Similar to our method, [SM92] pre-integrates the integrals of
the cosine of the phase shift over the support of the colour matching functions. The most notable work is [BB17] where an analytic expression for spectral integration of the phase shifts generated by reﬂections off a dielectric or conducting base layer covered
by a thin-ﬁlm of varying thickness is provided, and upon which
© 2019 The Author(s)
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the initial steps of our spectral integration method are based on. A
general purpose framework for modelling diffractions is described
by [CHB*12] where adjacent patches of the microscopic structure
are analysed. Iridescence which results from nano-scale biological
structures that cause diffraction is considered by [Sad08], who purposes a multi-layered model of thin-ﬁlms to render iridescent butterﬂy wings but does not discuss spectral integration. A data driven
approach is presented by [DTS*14] where pre-integrated look-up
tables are generated to allow real-time rendering. Additional waveoptics related work focuses on rendering glints [JHY*14], modelling scratches in materials [RGB16; WVJH17; VWH18] and rendering diffractions that result from arbitrary micro-scale structures
in conductors and other materials [YHW*18].
3. Background
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Figure 3: Randomly polarized light wave, incident to an anisotropic ma-

While there has been extensive study of optical anisotropy, as well
as light propagation in such media (see [BW99; YY03] for an indepth analysis), we feel that an easy-to-understand overview, aimed
at an audience outside the realm of physics, is lacking. Therefore, in our supplemental material we provide a short but complete
overview that discusses the relevant electromagnetic theory and derives the formulations for the electric ﬁelds and Poynting vectors
for electromagnetic waves propagating in an optically anisotropic
medium directly from Maxwell’s equations. In this section we list
the results without going into detail.
Optical anisotropy is the property where light perceives a different refractive index based on its polarization and propagation direction in an anisotropic medium. For simplicity we limit our discussion to uniaxial materials, i.e. anisotropic materials that give
rise to two refractive indices, an ordinary and an extraordinary
indices-of-refraction, ηo and ηe , and a single distinguished direction, the optic axis, denoted as A = [ α, β, γ ]T . We consider two homogeneous and magnetically isotropic adjacent media with their
interface forming the XZ-plane in our coordinate system of choice
and Ii = [ 0, cos θ, sin θ ]T being a ray propagating from the source
medium (Y > 0) to the destination medium (Y < 0) with the incidence point being at the origin (see ﬁgure 3). The incidence angle of
Ii is then θ and we denote ηi as the effective index-of-refraction as
perceived by the incident wave propagating in the source medium,
which for isotropic materials is simply the refractive index of the
source medium.
We denote E = ei(qy−Kz−ωt) [Ex , Ey , Ez ]T as the electric ﬁeld
vector, with ω being the angular frequency and K, the incidence
parameter, which is the tangential component of the incident wave
vector:
K = ηi sin(θ)

(1)

q, the normal mode, is the component of the wave’s propagation
direction that is normal to the surface, and differs between ordinary
and extraordinary rays:
p
2
q±
o = ± ε̂o − K
q


√
± ε̂o ε̂e β2 ∆ε + ε̂o + K 2 α2 ∆ε − ε̂e + βγK∆ε
±
qe =
(2)
ε̂o + β2 ∆ε
where ∆ε = ε̂e − ε̂o and ε̂o,e = η2o,e .
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terial, refracted into linearly-polarized ordinary and extraordinary rays.
Note that the extraordinary Poynting vector leaves the plane of incidence
(Y Z) and is detached from its wave’s direction of propagation. The inci−
dent parameter K and the normal modes q−
o , qe for the (un-normalized)
ordinary and extraordinary waves are marked. The incidence parameter
remains constant across surface boundaries for all participating waves.

As q is the wave vector’s normal component, normal modes superscripted with a plus correspond to waves travelling upwards while
normal modes with a minus to waves travelling downwards, in
other words q+ correspond to reﬂections and q− to refractions. The
electric ﬁelds E are then given by:
1
±
± T
E±
o = ± [−βK − γqo , αK, αqo ]
No


αε̂o

1
±
±
(3)
E±
e = ± βε̂o + qe γK − βqe  
Ne
γε̂o − K γK − βq±
e
where N are normalization factors. Finally the ray direction, or
Poynting vector, for a given normal mode and incidence parameter, is simply
I=

1
E × (W × E)
N

(4)

where W = [ 0, q, −K ]T is the wave’s direction of propagation.
An important theoretical conclusion is that the incidence parameter K remains constant for all participating waves, the effective
refractive index perceived by a wave propagating in an anisotropic
media is then
q
K
ηe f =
(5)
= q2 + K 2
sin ϕ
where ϕ is the wave’s angle of refraction or reﬂection. And indeed
while for ordinary waves ηe f remains ﬁxed at ηo , extraordinary
waves perceive a refractive index between ηo and ηe . We deﬁne
the maximal incidence parameter as
s
η2o + β2 ∆ε
max
Ke = ηe
Komax = ηo
(6)
η2e − γ2 ∆ε
When K ≥ K max total-reﬂection occurs: The refracted wave be-
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comes evanescent and its associated Poynting vector is complex
and parallel to the surface interface.
Note that the indices-of-refraction generally vary with the wave’s
frequency, temperature and other factors, therefore can be treated as
constants only for a given monochromatic wave. For succinctness
we ignore dispersion and will only discuss it brieﬂy in section 5.
Likewise, to keep the discussion as simple as possible, we ignore
conductive media and therefore assume real indices-of-refraction
and neglect absorption. However, conductivity in the context of
anisotropic media is discussed in our supplemental material and
would be trivial to incorporate into our model.
Fresnel coefﬁcients We also require the Fresnel transmission
and reﬂection coefﬁcients for the interfaces between isotropic and
anisotropic media. We derive the equations in our supplemental
material and the formulas for the Fresnel coefﬁcients for isotropicto-anisotropic and anisotropic-to-isotropic interfaces are listed in
full in appendix A.

plicity we assume a planar incident wave, which simpliﬁes the geometric deductions of the optical path differences. In that setting
notice an obvious but crucial observation:
Lemma 4.1 A given incident ray, parameterized by its incidence
parameter K, gives rise to up to four distinct ray directions inside a
homogeneous plane parallel anisotropic slab of constant thickness:
An ordinary and an extraordinary ray propagating downwards and
an ordinary and an extraordinary ray propagating upwards.
Proof As we saw in section 3 the incidence parameter K, wave’s
normal component q and the medium constants uniquely deﬁne a
ray travelling through an anisotropic medium. The incidence parameter remains constant across interface boundaries (equation 5)
and for that given incidence parameter there are up to four distinct waves propagating through the anisotropic medium, therefore
the only possible ray directions are the Poynting vectors associated
−
+ +
with the normal modes q−
o , qe for downward rays and qo , qe for
upwards rays.

Iridescence, which is colour variations that occur on certain surfaces depending on light incident angle, wavelength and view angle, occurs due to wave interference induced by the phase shifts
that result from different paths taken by a light wave. While iridescence also appears in isotropic media, in the anisotropic case
unique complexities and properties arise. Due to the nature of an
optically anisotropic medium, which alters the polarization state of
light refracting through it, it is imperative to take polarization into
account even if we were to assume random polarization of the incident light wave. To compose polarized waves of equal wavelength
we use Jones vectors, which are two-dimensional complex-valued
vectors that describe coherent light:

  
Js
Es eiψs i(qy−Kz−ωt)
e
(7)
J=
=
Jp
E p eiψ p

Therefore, given a planar wave with incidence parameter K propagating in the upper medium, which admits the refractive index ηi ,
and incident at angle θ to the anisotropic slab, we deﬁne Io , Ie as
the ordinary and extraordinary ray directions propagating downwards in the slab and to , te as the Fresnel transmission coefﬁcients
of refraction into ordinary and extraordinary rays, respectively. tˆos ,
tˆop , tˆes and tˆep are the Fresnel transmission coefﬁcients for ordinary and extraordinary rays, respectively, refracting from the slab
into the lower medium as s- and p-polarized waves. Furthermore
Iˆo , Iˆe are deﬁned as the ordinary and extraordinary ray directions
propagating upwards in the slab, and roo , roe , reo , ree are the Fresnel reﬂection coefﬁcients for slab internal reﬂections at the upper
interface (y ≡ 0) for the respective rays and r̂oo , r̂oe , r̂eo , r̂ee are,
similarly, the Fresnel reﬂection coefﬁcients at the lower interface
(y ≡ −d). The Poynting vectors are computed via equation 4 while
the Fresnel coefﬁcients are computed via the respective equations
in appendix A.

where ψs and ψ p are the waves’ phases, Es and E p are the peak
scalar amplitudes and W is the wave’s direction of propagation. We
deﬁne the implied reference frame as the orthogonal directions of sand p-polarization, that is Js and J p describe orthogonal waves and
the amplitude of the composed wave, deﬁned as the magnitude of
the Jones vector, is trivially deduced via the Pythagorean theorem:
q
q
|J| = Js Js⋆ + J p J p⋆ = Es2 + E p2
(8)

To compute phase shifts we need to examine the optical path
difference between two light paths. We deﬁne the primary path to
be the order 1 path (no internal reﬂections) which refracts into the
slab as an ordinary ray and exits the slab at the point O = [0, −d, 0]
(marked in blue in ﬁgure 4a), while a secondary path is any other
path that starts by refracting into the slab and escapes downwards
from the slab at point O. The order of a path, n, is deﬁned as the
count of internal double-reﬂections.

4. Birefringence-Induced Iridescence

The power carried by the Jones vector is then simply the magnitude squared |J|2 = Es2 + E p2 . Composed orthogonal waves can
not interfere, therefore constructive-destructive wave interference
is restricted to superposed waves in each orthogonal component, Js
and J p , separately. Interference effects are then twofold – 1. Colour
variations due to the phase shifts of superposed waves in each component of the orthogonal frame; and 2. change of the polarization
state as a result of the non-uniform magnitude change in each of
the components. While the former is visible with the naked eye,
the latter generally requires a polarizing ﬁlter to observe.
We study the case of refraction through an inﬁnite XZ-plane parallel homogeneous anisotropic slab of uniform thickness d (see ﬁgure 4a), with indices of refraction ηo , ηe and optic axis A. For sim-

The optical path length OPL(l, η) of a light path is deﬁned as
OPL(l, η) = lη

(9)

with l being the path length and η the refractive index. The refractive indices as perceived by the extraordinary rays are the effective
refractive indices computed via equation 5. Given P, an OPL of
a secondary path, the optical path difference (OPD) between the
primary and a secondary path is
∆P = P − aηi − OPDo

(10)

where OPDo = |PO|ηo is the OPL of the primary path inside the
slab (which is constant for a given K and does not depend on the
secondary path), a is the length of the primary path taken by the
© 2019 The Author(s)
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Figure 4: An incident planar wavefront (marked by a solid violet line with arrows indicating the direction of propagation), with angle of incidence θ, is
refracted into the slab and some of the possible paths taken by the light are pictured (marked in purple). The primary path is marked in blue. Solid paths
are ordinary rays while dash-dotted paths are extraordinary rays. The different paths result in different optical lengths inducing interference once the rays
become superposed on (left) refraction through the slab or (right) reﬂection off the slab, with the exit ray I marked by a solid black arrow. E.g. the optical path
difference between the optical path lengths of the order 1 path Q2 PO and the order 2 path P3 RP2 O (on the left image) results in a phase shift once the light is
refracted out of the slab in direction I.

incident wavefront outside the slab and depends on the secondary
path (e.g. a = |Q1 P| in ﬁgure 4a when the secondary path starts at
P2 , or a = |Q2 P| when the secondary path starts at P3 ). Given the
z-value of the entry point of the secondary path (that is, the point
where the secondary path refracts into the slab), a becomes:

that propagate downwards in the slab. Using D0 we now can write
the Jones vector for n = 0:
 T


to
tˆos
tˆop i(qy−Kz−ωt)
(14)
J0 =
D0
e
te
tˆes
tˆep

a(z) = |z − Pz | sin θ

The OPD (equations 10, 11) of a path is a piece-wise sum of
the OPL and z-displacement of each step the path takes. Then, we
deﬁne the linear operator D↓ , which, when acting upon a Jones
vector, describes how the ordinary and extraordinary rays propagate downwards from the top interface through the slab, and reﬂect
at the bottom interface. Analogously, the linear operator D↑ propagates the energy from the bottom interface and reﬂects at the top
interface:
"
#
↓
↓
r̂oo eik∆Po
r̂oe eik∆Po
↓
D =
↓
↓
r̂eo eik∆Pe
r̂ee eik∆Pe
"
#
↑
↑
roo eik∆Po
roe eik∆Po
↑
D =
(15)
↑
↑
reo eik∆Pe
ree eik∆Pe

(11)

where Pz is the z component of P, the entry point of the primary
path. It is easy to see that this holds also when the secondary path’s
entry point does not reside on the incidence plane (the YZ-plane),
which can happen as extraordinary paths generally leave the plane
of incidence, that is a only depends on the z value of the entry point.
The phase difference induced by the OPD is ∆ϕ = k∆P with k = 2π
λ
being the wavenumber and λ the wavelength, the resulting phase
i∆ϕ
shift is then e . Therefore the amplitude of a secondary path is
Z = t1 rt2 ei∆ϕ ei(qy−Kz−ωt)

(12)

where t1 and t2 are the relevant Fresnel transmission coefﬁcients for
refraction into and out of the slab and r is the product of reﬂection
coefﬁcients accounting for all internal reﬂections. Remember that
r can be complex when reﬂections introduce a phase shift.
We denote the Jones vector Jn as the aggregate amplitudes of all
path of order n refracting through the slab. We aggregate paths using linear operators, in the form of 2x2 matrices, where the amplitudes corresponding to paths that begin with an ordinary ray reside
in row 1, while paths that end with an ordinary ray reside in column
1. Row 2 and column 2 are used for paths that begin or end with an
extraordinary ray, respectively. Then, the amplitudes for n = 0 are:
"
#
↓
eik∆Po
0
D0 =
(13)
↓
0
eik∆Pe
where ∆Po↓ and ∆Pe↓ are the OPDs for order 0 ordinary and extraordinary paths, respectively, with ↓ superscript indicating rays
© 2019 The Author(s)
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Then, just as D0 describes the amplitudes of the order 0 paths,
D↓ D↑ D0 describes the aggregated amplitudes of all order 1 paths,
and for succinctness the operator D = D↓ D↑ is deﬁned. See appendix B for explicit equations for D and for all the OPDs involved.
The aggregated amplitudes of the 22n+1 paths of order n is then
simply D0 Dn and the corresponding Jones vector is


 T
tˆop i(qy−Kz−ωt)
tˆos
to
e
Dn D0
Jn =
(16)
tˆep
tˆes
te
Due to the energy conservation of the Fresnel reﬂection coefﬁcients
it holds that |D| ≤ 1. As the equality can only happen under totalreﬂection, we can assume |D| < 1 and therefore can apply the well
known sum of a geometric series I + M + M 2 + · · · = (I − M)−1
(trivially proven by multiplying both sides by I − M) to write the
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ηo = 1.69, ηe = 1.40, A = [ 0.40,0.10,0.91 ]T , d = 2 mm
mixed polarized incidence light

ηo = 1.72, ηe = 1.66, A = [ 0.08,0.99,0.12 ]T , d = 1 mm
p-polarized incidence light

ηo = 1.47, ηe = 1.45, A = [ 0.20,0.94,0.28 ]T , d = 0.50 mm
p-polarized incidence light

1
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1

ηo = 1.44, ηe = 1.42, A = [ 0.25,0.96,0.13 ]T , d = 0.50 mm
s-polarized incidence light
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Figure 5: Plots of the magnitude of the Jones vector J or its linearly-polarized components Js , J p for a variety of material constants for the case of
refraction through an anisotropic slab. The perceived index-of-refraction of the incidence wave propagating in the source medium is assumed to be ηi = 1 and
the incidence polarization is assumed to be random. While interference is generally subtle, at some angles and material constants unique patterns emerge.

closed-form expression for the aggregated amplitudes of all paths
refracting through an anisotropic slab:
 T


∞
to
tˆos
tˆop i(qy−Kz−ωt)
J = ∑ Jn =
(I − D)−1 D0
e
te
tˆes
tˆep
n=0
(17)
Reﬂection and transmission power ratios As discussed in
the supplemental material the power ratios that deﬁne the surface
transmissivity and reﬂectivity do not generally equal the absolute
value squared of the Fresnel coefﬁcients. However, assuming an
(isotropic) surrounding medium with constant index-of-refraction,
we can neglect accounting for the power ratios of the singular transmissions and reﬂections because the angle of incidence to the slab
and angle of refraction or reﬂection out of the slab are always equal
as is the impedance. And indeed one can check that when computing the power ratio of refraction through the slab or reﬂection out of
the slab (using the power ratio equations in the supplemental material), all the terms except the Fresnel coefﬁcients cancel out. If, in
the case of refraction, the source medium (y > 0) and destination
medium (y < −d) have different material constants then J should
be modulated by the appropriate power ratio.
Iridescence when reﬂecting off an anisotropic slab Iridescence can be introduced on reﬂection off an anisotropic slab in a
manner mostly similar to the case of refraction (see ﬁgure 4b). We
go over the differences and list the full formulas for D and J for
the case of reﬂection in our supplemental material.

closed-form expression for J is not straightforward, and calculating numerically requires a prohibitively high sample count in order
to avoid spectral aliasing that arises due to the high frequency of the
integrand (see ﬁgure 6b and section 6), which makes the spectral
integration a challenging task for real-time and even ofﬂine renderers.
5.1. Spectral Integration
Spectral integration transforms a wavelength spectrum into discrete
spectral bands using spectral sensitivity functions Λ j (λ). For tristimulus renderers the sensitivity functions would usually be the CIE
XYZ colour matching functions, commonly designated x̄(λ), ȳ(λ)
and z̄(λ) (see ﬁgure 6a), however in general any number of spectral
bands can be used. To express outbound radiance (Wsr−1 m−2 ) we
assume that Λ is normalized across the visible spectrum, that is
∫

λ

Λ(λ)dλ = 1

We ﬁrst focus on the case of refraction through an anisotropic
slab however the approach is similar for reﬂection.∫ Let S be the
spectral integration operator deﬁned as S( f , Λ) = λ Λ(λ) f (λ)dλ
where f is an integrable function of wavelength and Λ is a spectral
sensitivity function. Given J , due to the way we deﬁned the magnitude of a Jones vector (equation 8) the spectral integration can be
done on each component separately:
∫


S(|J |2 , Λ) = Λ(λ) |Js |2 + |J p |2 dλ =
λ

5. Rendering photoelasticity
Iridescence arises due to the changes in magnitude of J = ∑n Jn
as function of wavelength, therefore to render iridescent effects
it is required to integrate that function over the visible spectrum.
The spectral integration can be done numerically – at ﬁxed sample
points or stochastically, or analytically if an analytic solution exists.
Spectral renderers that perform stochastic (e.g Monte Carlo) integration of the visible spectrum could use the closed-form expression of J (equation 17) directly, while traditional renderers that
employ a limited set of spectral bands (typically RGB for tristimulus renderers) are required to perform spectral integration. Unfortunately ﬁnding an analytic solution to the spectral integral of the

= S(|Js |2 , Λ) + S(|J p |2 , Λ)

(18)

For simplicity we assume that the Fresnel coefﬁcients as well as
the phase shifts induced by the OPDs are independent of the wavelength, therefore the only dependence on wavelength arises in the
k = 2π
factor in the exponents. This assumption hampers our abilλ
ity to faithfully model some materials, like dispersive dielectrics,
that exhibit strong variance in their permittivity as a function of
wavelength. However, as spectral integration is done separately for
each spectral sensitivity function, that can be partially mitigated
by choosing a representative index-of-refraction for each spectral
band, and potentially integrating over more bands.
We focus ﬁrst on the s-polarized component of the Jones vectors
© 2019 The Author(s)
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Figure 6: Spectral integration of a given |J p |2 , the intensity of refracted s-polarized light as a function of wavelength, over the support of normalized spectral
sensitivity functions, which are (a) the CIE XYZ colour matching functions. (b) The primary difﬁculty arises in efﬁciently and accurately approximating the
spectral integrals due to the high frequency integrands. (c) The plotted chromaticity of the spectral integrals as a function of incidence angle θ. The thick black
line plots the ground truth obtained by numerically integrating the spectral integral of our closed-form expression, S(|J p |2 , Λ) while the thin orange line is
our approximation, S̃ p with m = 1. The approximation matches the ground truth perfectly except at grazing angles. To amplify the effects of interference a
fully s-polarized incident wave was used.

and for brevity denote Jn = (Jn )s . Jn is then a sum of electric ﬁeld
E p ei∆ϕ p with
amplitudes of the form of equation 12, i.e Jn = ∑2n+1
p
∆ϕ p and E p being the phase shift and the wavelength independent
scalar electric ﬁeld amplitudes, respectively. Then we can write the
spectral integral as (see appendix C):
!

∑ Jn

S

2

,Λ

=

n

=∑
j

E 2j + 2

∞

∑ E j E j+l

l=1

∫
λ



Λ(λ) cos ∆ϕ j − ∆ϕ j+l dλ

(19)

2
The ﬁrst term, E = ∑∞
j=0 E j , is the sum of transmitted energy of
all possible paths refracting through the slab. It can be computed
in closed-form if we take the component-wise complex magnitude
squared of D↓ and D↑ (equation 15), and write their sum as
"
#
|r̂oo |2 |roo |2 + |r̂oe |2 |reo |2
|r̂oo |2 |roe |2 + |r̂oe |2 |ree |2
D̄ =
|r̂eo |2 |roo |2 + |r̂ee |2 |reo |2
|r̂eo |2 |roe |2 + |r̂ee |2 |ree |2
(20)

then the transmitted energy becomes
 2 T
2
tˆ
t
E = o2 (I − D̄)−1 os
2
tˆes
te

segment on top of a order n base path. And let the amplitude of
the order n path be Zn = tξ |rn |ei∆ϕn tˆχs ei(qy−Kz−ωt) . The subscripts
ξ, ζ, χ ∈ {o, e} denote the type of ray the paths start and end with,
the products of internal reﬂections coefﬁcients for the base path and
ﬁnal segment are |rn | and |rl |, respectively, and the phase shifts are
ei∆ϕn and ei∆ϕl . We denote the scalar electric ﬁelds of Zn and Zn+l
as En = |Zn | and En+l = |Zn+l |, then
En En+l = tξ2 |rn |2 |rl |tˆζs tˆχs
cos (∆ϕn − ∆ϕn+l ) = cos (∆ϕl )

(22)

that is, cos (∆ϕn − ∆ϕn+l ) is independent of ∆ϕn , the base path’s
phase. Therefore, we can approximate H by only accounting for
the pairs where one path is a “descendant” of the other, in which
case the inner sum in H becomes independent of the outer sum.
As discussed in section 4, |rl |ei∆ϕl is a product of a sequence of
l factors each one of the additive factors in D, therefore applying
equations 22 to equation 19 results in the following expression for
H̃ ≊ H:
 2 T
 
−1 ∞   l   tˆos
t
I − D̄
Ts ∑ S ℜ D , Λ
H̃ = S (H0 , Λ) + o2
tˆes
te
l=1

(21)

where we used the fact that the component-wise complex magnitude of D0 (equation 13) is simply the identity matrix. The second
term, which we denote 2H, is a double sum that iterates over the
phase differences of all pairs of paths. While E is essentially wavelength agnostic, H is the term that is responsible for the wave interference effects and is more difﬁcult to compute. We focus the
reminder of this section on approximating H.
Let Zn+l = tξ |rn ||rl |ei∆ϕn ei∆ϕl tˆζs ei(qy−Kz−ωt) (equation 12) be
the amplitude of an order n + l path composed of an order l path
© 2019 The Author(s)
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(23)
where ℜ is the real part and Ts is

tˆos
Ts =
0

0
tˆes



the term H0 is the most signiﬁcant term of H, the interference between the two order 0 paths, which is otherwise not captured by our
approximation:


H0 = to tˆos te tˆes cos k∆Po↓ − k∆Pe↓
(24)
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ηo = 1.39, A = [ 0.10,0.97,0.22 ]T , d = 1 mm
mixed polarized incidence light

ηo = 1.40, A = [ 0.4,0.8,0.45 ]T , d = 0.50 mm
mixed polarized incidence light
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Figure 7: Plots of the chromaticity deviations, expressed via the CIE DE2000 [SWD05] colour difference formula (values of less than 1 are considered
imperceptible colour difference), between the approximation S̃ and numerical integrations of the closed-form solution, S(|J |2 , Λ), as functions of incidence
angle θ and the material’s birefringency, ∆ε, for a variety of material constants.

and we use the fact that |z| cos (Arg(z)) = ℜ(z), for any z ∈ C where
Arg() is the complex argument.

with S̃ = [ S̃s ,S̃ p ]T being theapproximation for the spectral integral, that is S̃s ≊ S |Js |2 , Λ .

The spectral integral (equation 19) can now be written as follows
!

Given an anisotropic slab, its material constants and an incident
ray our rendering pipeline is implemented as follows:

S

∑ Jn

2

,Λ

≊ E + 2H̃

(25)

n

The results for the p-polarized component of Jn is identical except
tˆos and tˆes are replaced with tˆop and tˆep , respectively, in E and H̃
(equations 21 and 23).

5.2. Implementation and Practical Considerations
To render birefringence-induced iridescence we need to evaluate
equation 25, the approximated spectral integral, at each rendered
sample point. E is given in closed-form via equation 21 however no
closed-form solution was found for H̃. To evaluate H̃ we choose m,
a maximum value for the summation index l in equation 23, and expand the expressions Dl to rewrite the sum as a 2x2 matrix whose
elements are sums of expressions of the form E cos(k∆P), where E
is independent of the phase shift. As m is constant this can be done
ofﬂine. Evaluating H̃ reduces then to evaluating the spectral integrals S (cos(k∆P), Λ). To that end we employ curve ﬁtted analytic
approximations for x̄, ȳ, z̄, the CIE XYZ colour matching functions [WSS13], to precompute S (cos(k∆P), x̄), S (cos(k∆P), ȳ)
and S (cos(k∆P), z̄) into a 1D look-up table parameterized by the
OPD ∆P.
The expanded expression for Dl is potentially a 2x2 matrix
where each element is a sum consisting of 2l elements. In practice, however, setting m = 1 provides very accurate results (except
at grazing angles, i.e. when θ > 70°) and choosing a higher value
for m signiﬁcantly increases cost of computation while doing little
to reduce the error as the error stems from the approximation’s bias:
It only accounts for some of phase differences, ignoring the others.
See section 6 for numeric and visual evaluation of our method. We
assume m = 1 for the rest of the paper and rewrite equation 25 as
 2 T
 2 
 
−1 tˆos
t
tˆos
S̃s = o2
I − D̄
+
2T
·
S
(ℜ
(D)
,
Λ)
+
s
2
tˆes
te
tˆes
+ 2S (H0 , Λ)

(26)

1. Compute the normal modes and electric ﬁelds (equations 2, 3),
the Poynting vectors Io , Iˆo , Ie , Iˆe (equation 4) and the appropriate
Fresnel coefﬁcients for reﬂections and refractions (appendix A).
2. Compute the OPDs ∆Po↓ , ∆Pe↓ , ∆Po↑ , ∆Pe↑ and using those evaluate the spectral integrals of S (H0 , Λ) and S (ℜ (D) , Λ), for
Λ ∈ {x̄, ȳ, z̄}. In practice this requires a total of ﬁve queries to
the precomputed table.
3. Compute the spectral integrals S(|J |2 , Λ), for each colour band,
using the approximation S̃, detailed in equation 26.
Total-reﬂection should be considered as well, that is when K ≥
K max (equation 6) for the upper or lower interface. See our supplemental material for an example implementation.
6. Discussion and Evaluation
Our primary contributions are equations 25 and 26, the approximate forms for the spectral integral of |J |2 , which enable efﬁcient
and accurate rendering of birefringence-induced iridescence. Our
solution is simple to integrate into common tristimulus real-time
and ofﬂine renderers, as well as spectral renderers. Some spectral renderers that perform stochastic multiple importance sampling
[WND*14] or a variation would require special handling, e.g. generation of spectral sensitivity functions on the ﬂy, however this is
beyond the scope of this paper.
We evaluate our method based on the radiometric precision of the
approximation S̃. To that end we numerically integrate our closedform expression for J (equation 17) and employ it as the ground
truth. We ﬁrst compare numerically by examining the differences
between the approximation S̃ and the ground truth expressed via
∗
the CIE DE2000 metric ∆E00
as function of incidence angle for a
variety of material constants (see ﬁgure 7).
Furthermore, we rendered anisotropic slabs with a variety of material constants under different lighting conditions and polarization ﬁlters. Rendering using the analytic approximation S̃ was performed as outlined in section 5. For evaluation we also rendered
© 2019 The Author(s)
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identical scenes by numerically integrating the spectral integrals of
J with 3 spectral samples, taken at the peaks of the tristimulus
spectral sensitivity functions – 450 nm, 550 nm and 600 nm for the
CIE XYZ colour matching functions, as well as 8, 32, 128, 512
and 2048 spectral samples uniformly distributed between 380 nm
and 700 nm. Strongly birefringent materials, especially at grazing
angles or thicker slabs, may exhibit visible spectral aliasing even
with 2048 spectral samples, therefore a ground truth was rendered
using 16 384 samples (51 samples per nanometre). The CIE XYZ
colour matching functions x̄, ȳ, z̄ were used and the ﬁnal results
were transformed to sRGB colour space. The analytic approximation renderings were compared against their numerically integrated
counterparts and images of their colour difference can be seen in
ﬁgure 9. Largely S̃ approximates the major iridescence bands as
well as the total energy transmitted through the anisotropic slab in
an essentially indistinguishable fashion from the ground truth (gen∗
∗
erally ∆E00
≤ 1). The greatest errors (∆E00
< 4) can be seen around
the minor iridescence bands (see ﬁgure 9a) which are poorly captured by the approximation. Likewise, depending on view orientation a weak colour shift of the entire slab can be seen that is slightly
∗
more pronounced in the ground truth (∆E00
∈ [1, 2]) than the analytic approximation. The inaccuracies are mostly due to the loss of
information in the approximation and it is unlikely that higher approximation orders (m > 1) would avail in alleviating those small
errors.

proportional to the solid angle subtended by the source) while the
spatial offset between the order 1 ordinary and extraordinary paths
in said 0.50 mm slab is less than 10 µm (for θ = π5 ).
Spatial aliasing As discussed in section 4 and can be seen in
ﬁgure 5 the integrand J can oscillate with very high frequency.
Just as this results in spectral aliasing when numerically integrating,
this can also result in spatial aliasing as can be seen in ﬁgure 8, with
∗
identical patterns (∆E00
< 1) reproducible with the ground truth as
well. A brute force solution would be to increase the sample count
(e.g. by super-sampling), however this is costly and would not fully
alleviate the problem. Note that the Fresnel coefﬁcients, and in turn
D̄, are “well-behaved”, that is they admit a vastly lower Nyquist
rate than the OPDs (see supplemental material). The Nyquist rate
of S̃ (equation 26) is, therefore, dominated by the phase shifts in D
and H0 (equations 15 and 24). Spatial anti-aliasing of the spectral
integrals S (ℜ(D)) and S (H0 ) would therefore be a robust solution
and the development of this approach is left for future work.
Spectral integration method
Analytic approximation

Frame time
1.09

ms

1.30
1.73
3.84
12.20
45.50
0.20

ms
ms
ms
ms
ms
sec

2.00

sec

Numeric integration

3 spectral samples
8 spectral samples
32 spectral samples
128 spectral samples
512 spectral samples
2048 spectral samples
Ground truth

16 384 spectral samples

Table 1: Performance comparison of spectral integration methods
for rendering birefringence-induced iridescence. Rendering was
done at 1920 × 1080 resolution on a mobile NVIDIA™ GeForce™
1070. For numerical integration the visible range was assumed to
be 380 nm to 700 nm. Dispersion was ignored and permittivity was
assumed to be constant across the entire visible spectrum.
Figure 8: Certain birefringent materials can admit strong aliasing artefacts as the spectral integral, S̃, is sampled at discrete values of θ, the incident angle. This is especially visible at regions of strong iridescence when
viewed under a cross polarizer.

Optical coherence We have assumed fully coherent light propagating inside an anisotropic slab, however physical light sources
are not point lights and have a ﬁnite extent. This means that the
region, around any point in space and time where the light waves
that form the ensemble remain correlated, and therefore coherent,
is ﬁnite [MW95]. As coherency diminishes so does the ability of
the ensemble to superpose and produce interference effects. For
our method to be physically correct, we need to ensure that it is
applied within the region of coherence. Rigorous formulation of
optical coherency is beyond the scope of this paper, however we notice that, in practice, coherency is generally maintained with slabs
that produce visible iridescence. For example, consider the slab that
exhibits strong birefringence depicted in ﬁgure 9c. The coherence
size of sunlight reaching earth is up to 60 µm [MGFG12] (inversely
© 2019 The Author(s)
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Performance As discussed in section 5, rendering birefringenceinduced iridescence using the developed analytic approximation requires computing the electric ﬁelds, Poynting vectors, the Fresnel
coefﬁcients and ﬁnally evaluating S̃ which consists of ﬁve lookups to the precomputed spectral integration table. While the heavy
arithmetics can be cumbersome on low-powered hardware, this is
still easily within the capabilities of modern hardware and can be
rendered at real-time frame rates even on integrated graphics accelerators.
To evaluate the performance of the analytic approximation the
scene seen in ﬁgure 9a was rendered using a common consumergrade graphics accelerator, a mobile NVIDIA™ GeForce™ 1070.
The measured frame times are listed in table 1. The primary cost
in the case of the analytic approximation arises in computing the
Poynting vectors and the Fresnel coefﬁcients, while the numeric integration cost is dominated by the complex arithmetics in equation
17, nonetheless we did not focus on performance and no optimizations were performed.
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Ground truth (16 384 samples)
∗
∆E00

3 samples
1

8 samples
2

(a) A weakly birefringent slab with ηo = 1.40, ηe = 1.38, A =
light and 25% p-polarized light.

Ground truth (16 384 samples)
∗
∆E00

3

4

1

5

[ −0.54,0.80,0.27 ]T

3 samples

32 samples

3

Analytic approximation

7

and d = 1.25 mm. Incident light was assumed to consist of 75% s-polarized

8 samples
2

6

128 samples

4

32 samples
5

6

128 samples

Analytic approximation

7

(b) A birefringent slab with ηo = 1.50, ηe = 1.51, A =
and d = 3.50 mm rendered at an angle where little iridescence is visible. Incident light
was assumed to be mixed polarized. Notice that spectral aliasing is clearly visible even with 128 spectral samples.
[ 0.25,0.97,0.00 ]T

Ground truth (16 384 samples)
∗
∆E00

3 samples
1

8 samples
2

3

4

32 samples
5

6

128 samples

Analytic approximation

7

(c) A strongly birefringent slab with ηo = 1.775, ηe = 1.231, A = [ 0.084,0.979,−0.187 ]T and d = 1.15 mm. Incident light was assumed to be virtually fully
p-polarized and an s-polarization ﬁlter was used. The cross polarization causes the background to appear very dark while amplifying iridescence.

Figure 9: Rendering of birefringence-induced iridescence at various settings and material constants using our analytic approximation, S̃, compared against
numerically integrating the spectral integral S(|J |2 , Λ) with different count of spectral samples. The ground truth was rendered using 16 384 samples. For a
quantiﬁable comparison of accuracy the CIE DE2000 metric was used and the difference map (compared with the ground truth) is shown below each image.
Severe coloured ringing artefacts appear when rendered at less than 32 samples for thin slabs, while thin grey ringing artefacts are visible with a higher
sample count. Notice that compared to the ground truth our analytic approximation fails to fully capture the minor coloured bands as well as the very slight
colour shift of the entire slab.
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Limitations and future work Our discussion is centred on
smooth, homogeneous, optically anisotropic uniaxial slabs and our
results are restricted to this setting. A common scenario that we
would like to model is an isotropic material, like glass, becoming birefringent when subject to mechanical stress, in which case
the material constants, the optic axis and dielectric constants, vary
across the material and especially around any discontinuities in the
material. While we can simulate the stress distribution by altering
the material constants at each sampled point in the rendered image,
our discussion still assumes homogeneity and therefore the optic
axis and dielectric constants remain constant across all the paths
traced through the slab at each sample point. This effectively restricts our approximation to slabs where the material constants do
not vary signiﬁcantly across its thickness. Relaxing our method to
non-homogeneous media would make it more applicable to a variety of practical considerations and, therefore, warrants further attention in future work.
We also assumed perfectly smooth surfaces and while that assumption is reasonable for crystals it is of interest to consider more
sophisticated bidirectional reﬂectance and transmittance functions
in our model.
Finally, we ignored dispersive effects during the spectral integration process by electing to use a representative permittivity, and in
turn ﬁxed ray directions and Fresnel coefﬁcients, for each spectral
band. This makes sense as the indices-of-refraction generally vary
slowly and very smoothly over the visible spectrum, furthermore
the discretization of the permittivity does not give rise to aliasing
artefacts, unlike numeric integration with discrete spectral samples
where even thousands of samples can produce visible artefacts with
thick slabs and at grazing angles. Nonetheless, it is of interest to design a method for robust spectral integration in dispersive media.
7. Conclusion
A method for the reproduction of iridescence that arises due to
birefringence in an optically anisotropic uniaxial slab was demonstrated. Our method is faithfully derived from the underlying optical theory and the presented analytic approximation of the spectral
integral works with an arbitrary optic axis and material constants
and is suitable for use in real-time and ofﬂine renderers.
Furthermore, we derived a simple, closed-form expression for
the aggregated amplitudes of all the light paths that occur as a planar wave refracts into an anisotropic slab, and used it as a ground
truth to rigorously validate the radiometric accuracy of our method.
The results are mostly virtually indistinguishable from the ground
truth, and we believe that our work has practical applications inside
and outside the realm of computer graphics.
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Appendix A: Fresnel Coefﬁcients
Isotropic-to-Anisotropic Boundary
For the isotropic-to-anisotropic case we look at incident s-polarized
and p-polarized waves separately. Then the system of equations
for the Fresnel coefﬁcients (see the supplemental material) of an
isotropic-to-anisotropic interface given incident s-polarized light
becomes:
EI = ei(−qi y−ωt) [−1, 0, 0]T
ER = rsp ei(qi y−ωt) [0, sin θ, − cos θ]T + rss ei(qi y−ωt) [−1, 0, 0]T
−

ET = tso ei(q̂o

−
y−ωt ) −
Êo + tsp ei(q̂e y−ωt ) Ê−
e

(27)

2

where qi = −ηi cos θ where θ is angle of incidence. Similarly the
system for incident p-polarized light is:
EI = ei(−qi y−ωt) [0, sin θ, cos θ]T
ER = r pp ei(qi y−ωt) [0, sin θ, − cos θ]T + r ps ei(qi y−ωt) [−1, 0, 0]T
−

ET = t po ei(q̂o

−
y−ωt ) −
Êo + t pe ei(q̂e y−ωt ) Ê−
e

(28)

Solving 27 and 28 results in the following coefﬁcients for an
incident p-polarized wave:
−
−
−
2(Ê−
e )x (Êo )x cos θC1 (q̂o − q̂e )
N1
1 
−
−
−
−
r pp =
− (Êe )x (Ê−
o )z (C1 − q̂o cos θ)(qi + q̂e ) − A1 (q̂e + qi )+
N1

−
−
−
−
+ (Ê−
e )z (Êo )x (C1 − q̂e cos θ)(qi + q̂o ) + A2 (q̂o + qi )

r ps =

t po = −2

−
(Ê−
e )x cos θ(q̂e + qi )C1
N1
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t pe = 2

−
(Ê−
o )x cos θ(q̂o + qi )C1
N1

(29)

and for an s-polarized wave:
rss =

−
C2 (qi − q̂−
e ) +C3 (q̂o − qi )
N1

rsp = 2qi

tes =

−
−
−
−
−
−
−
(Ê−
e )z (Êo )y K − (Êe )y (Êo )z K + (Êe )z (Êo )z (q̂o − q̂e )

N1

tso = −2qi

1 h −
−
−
+
−
−
(Ee )x (q−
e − q̂o )D4 − (Ee )x (Eo )y Kcos ϕ(q̂o − qe )+
N2
i
+
−
+
+ (E−
e )y B3 + (Eo )x (q̂o − qo )D3

ree = −

−
−
−
(Ê−
e )y Kcos θ + (Êe )zC1 + (Êe )z q̂e cos θ)
N1

−
+
+
+
+
(E−
e )x qe + (Ee )x qe ree + (Eo )x qo reo

tep = −

q̂−
o
−
+
(Ee )z + (Ee )z ree + (E+
o )z reo

(34)

cos ϕ

where ϕ is the exitant angle and

−
−
(Ê− )y Kcos θ + (Ê−
o )zC1 + (Êo )z q̂o cos θ)
tse = 2qi o
N1

(30)

−
+
B1 = −(E+
e )x Kcos ϕ(q̂o − qe )

−
+
B2 = −(E−
o )x Kcos ϕ(q̂o + qo )

+
−
B3 = −(E+
o )x Kcos ϕ(qo − q̂o )

+
+
B4 = (E+
e )y K + (Ee )z qe

B5 =

where
−
A1 = −(Ê−
e )x (Êo )y Kcos θ

D1 =

−
A2 = −(Ê−
e )y (Êo )x Kcos θ

D3 =

+
+
(E+
o )y K + (Eo )z qo
Ksin ϕ − q̂−
o cos ϕ
−
(Ee )z (D1 + q−
e cos ϕ)

+
D2 = (E+
e )z (D1 + qe cos ϕ)
+
D4 = (E+
o )z (D1 + qo cos ϕ)

and the normalization factor is

C1 = qi cos θ − Ksin θ

+
−
N2 =(E+
e )x (qe − q̂o )D4 +

−
−
C2 = (Ê−
e )x (Êo )z (C1 + q̂o cos θ) − A1
−
−
C3 = (Ê−
e )z (Êo )x (C1 + q̂e cos θ) − A2
−
N1 = C2 (qi + q̂e ) −C3 (qi + q̂−
o )

−
+
+
+
+ (E+
o )x (q̂o − qo )D2 + (Eo )y B1 + (Ee )y B3

Anisotropic-to-Anisotropic Boundary
Anisotropic-to-Isotropic Boundary
The anisotropic-to-isotropic case is handled similarly. The system
for Fresnel coefﬁcients in the case of an ordinary wave incident to
an anisotropic-to-isotropic interface:
−

y−ωt ) −
Eo

EI = ei(qo

+

+
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i(qe y−ωt ) +
Ee
ER = roo ei(qo y−ωt ) E+
o + roe e
i(−qi y−ωt)

T

i(−qi y−ωt)

T

(31)

ET = tep ei(−qi y−ωt) [0, sin θ, cos θ]T + tes ei(−qi y−ωt) [−1, 0, 0]T

(32)

ET = top e

[0, sin θ, cos θ] + tos e

[−1, 0, 0]

and in the case of an extraordinary wave:
−

EI = ei(qe

y−ωt ) −
Ee
+

+

i(qe y−ωt ) +
ER = reo ei(qo y−ωt ) E+
Ee
o + ree e

Solving 31 and 32 yields the following Fresnel coefﬁcients for
an ordinary incident wave:
1 h +
−
+
+
roo = −
(Ee )x (E−
o )z (q̂o − qe )(qo cos ϕ − D1 )+
N2
i
−
+
−
+
+ (E−
o )x (q̂o + qo )D2 + (Eo )y B1 − (Ee )y B2
 + +

1 h −
−
roe = −
(Eo )z (E+
o )x qo (qo cos ϕ − Ksin ϕ) + q̂o D1 −
N2
 + +

+
−
− (E−
o )x (Eo )z qo (qo cos ϕ + Ksin ϕ) + q̂o D1 +
i
−
+ (E+
o )y B2 + (Eo )y B3
tos =

q̂−
o
−
+
−
(Eo )z qo − (Eo )y K − B4 roe − B5 roo
D1

In this appendix we list the OPDs used in section 4 using the same
notation. The OPDs used in D0 (equation 13) are the OPDs of the
order 0 ordinary and extraordinary path:


ηo + (Io )z K ′
∆Po↓ = d
− Po ≡ 0
|(Io )y |
!
′
η
e f + (Ie )z K
↓
− Po
(35)
∆Pe = d
|(Ie )y |
where Po =

ηo +(Io )z K ′
.
|(Io )y |

The operator D is then
D = D↓ D↑ =

r̂oo roo eik∆Poo + r̂oe reo eik∆Peo
r̂eo roo eik∆Poo + r̂ee reo eik∆Peo

+
+
+
−
+
(E+
e )x qe roe − (Eo )x qo + (Eo )x qo roo

top = −

Solving the full system results in rather complicated coefﬁcients.
Due to their length those coefﬁcients are unfortunately usually
omitted from literature. In our supplemental material we provide
the equations in the form of MATLAB scripts.

(33)

and for an extraordinary incident wave:


1 h −
+
−
(Ee )x (q−
e − q̂o ) D2 + (Ee )y Kcos ϕ +
N2
i

−
+
−
+ (E+
e )x (q̂o − qe ) D3 + (Ee )y Kcos ϕ

reo =

© 2019 The Author(s)
Computer Graphics Forum © 2019 The Eurographics Association and John Wiley & Sons Ltd.


r̂oo roe eik∆Poe + r̂oe ree eik∆Pee
r̂eo roe eik∆Poe + r̂ee ree eik∆Pee
(36)

where the OPDs are essentially the OPDs of the order 1 paths that
start at the lower interface:


ηo + (Io )z K ′ ηo + (Iˆo )z K ′
↓
↑
∆Poo = ∆Po + ∆Po = d
− 2Po
+
|(Io )y |
|(Iˆo )y |
!
′
ηo + (Io )z K ′ η̂e f + (Iˆe )z K
↓
↑
∆Peo = ∆Po + ∆Pe = d
+
− 2Po
|(Io )y |
|(Iˆe )y |
!
ηe f + (Ie )z K ′ ηo + (Iˆo )z K ′
↓
↑
+
− 2Po
∆Poe = ∆Pe + ∆Po = d
|(Ie )y |
|(Iˆo )y |

Shlomi Steinberg / Analytic Spectral Integration of Birefringence-Induced Iridescence

∆Pee = ∆Pe↓ + ∆Pe↑

=d

ηe f + (Ie )z K ′ η̂e f + (Iˆe )z K ′
+
− 2Po
|(Ie )y |
|(Iˆe )y |

!

(37)
′

where K = ηi sin θ. The ﬁrst subscript denotes the type of ray taken
from the lower interface to the upper interface and the second subscript denotes the type of ray taken downwards after reﬂection off
the upper interface.
Appendix C: Derivation of the Spectral Integral
In this appendix we derive the expression for the spectral integral
used in equation 19. Using the same notation as in section 5 we
ﬁrst write Jn = (Jn )s = ∑2n+1
E p ei∆ϕ p where E p are real scalar
p
amplitudes which are independent ofthe wavelength.

Using Euler’s

formula the spectral integral S = S |Js |2 , Λ = S |∑n Jn |2 , Λ
then becomes

!2
!2 
∫


 dλ
S = Λ(λ)  ∑ E j cos ∆ϕ j
+ ∑ E j sin ∆ϕ j
λ

j

j

(38)
Expanding each squared term and using the trigonometric identity
cos(θ + ϕ) = cos θ cos ϕ − sin θ sin ϕ to group the resulting cosine
and sine terms leads to
#
"
∫

2
(39)
S = Λ(λ) ∑ E j + 2 ∑ E j Eq cos ∆ϕ j − ∆ϕq dλ
λ

j<q

j

Finally we use the fact that Λ is normalized and that the scalar electric ﬁeld amplitudes are independent of λ by assumption and we
also rewrite the inner sum as an iteration over the order differences
between the phase shifts:
∞

S = ∑ E 2j + 2 ∑ ∑ E j E j+l
j

= E + 2H

j l=1

∫
λ


Λ(λ) cos ∆ϕ j − ∆ϕ j+l dλ =
(40)
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